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JIEKITUS 6

Psanapr Jlopana. M3oimpoBaHHbIE 0COObIE TOYKH

6.1. Psanpr Jlopana (mpozgosikeHue)

Ha npeapbiaymeit jgexiun 66110 BBegeHO noHdTHe psifg JlopaHa:

400 — 00 “+o0o
Z en(z —a)t = Z cn(z—a)"—l—ch(z—a)”, ¢, €C, a€C, zeC.
n=-—00 n=—1 n=0

Bruio Takxke omnpenesieno, 9ro psa JIopaHa CXOAMTCS TOra W TOJBKO TOIJA, KOTIA
CXOJIUTCS PSIJI;

i cn(z —a)” (6.1)
U pam: n+
> ez —a)". (6.2)

Ha mporioit Jiekmuu ObLIN IPUBEIEHBI PACCY 2K I€HUs, TTOKa~
3bIBatoIue, 9ro psaj Jlopana cxopures Ha KoJbIe (eM. puc. 6.1):

V}R(a):{zGC:r<|z—a|<R}, ’
rie o ¢popmysie Komm — A jamapa:
1

R:—— T = hm Vc_nl.
e | e Ve

n—-+oo

Takxke HU3BECTHO, 9TO: Puc. 6.1.
Vir#9 <= R>r.

HeobxoauMo HAIIOMHUTH, YTO HE UCKJIIOUEHBI KPaWHUE CJIy-
qau:
0<r<R<+o0.

Pan Jlopama paBHOMEPHO CXOAMUTCS Ha JIIOOOM 3aMKHYTOM
KOJIbIIE Ciejrytomero Buja (cum. puc. 6.2):

Vom(a), r<p<p <R.

Torna psanm Jlopana cxoauTcss paBHOMEPHO CTPOTO BHYTpH
KoJbIia V. g(a). 31ech UCIOMB3yeTcst TEPMUH, BIICPBBIC BBE/ICH-
HBII B Teopeme Beitepirpacca. V13 mamHo#t TeopeMbl TaK»Ke MMeeTCs CJIeCTBUE:

Puc. 6.2.

CaencrBue 6.1. Fcau ¢pyrxuyus npedcmasuma padom Jlopana, mo ecmuv:

+oo

f(z) = Z cn(z—a)", VzeV,g(a),

n=—oo

+o00
f(z) = Z cn-n(z—a)" ', VzeV,r(a).

n=—oo
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Jleknus 6. Pawr Jlopana. M3osmpoBannbie ocodble TOYKI

Teopema 6.1. IIycmv pynxyua f — peeysapna 6 Kosvue:

f € C'(V, n(a)).

Toz0a: .
f(z) = Z cn(z—a)", VzeV,g(a),
e 1 1)
= — —
Cn Iri (5 — a)n+1 5, Vn € N,
Iy (a)

2de maxorce:

I'y(a) = {‘z—a’ :p}, p€ (r,R).

CyThb JAHHOI TEOPEeMbI 3aK/TI0YAETCS B TOM, UTO B HEl TOBOPUTCS O PA3JIOXKEHUU Pe-

ryssipHoii dbyskimn B pss Jlopana (em. puc. 6.3).

(1 B nokasarenbcTBe OyJieT WCIOJIB30BaHa HWHTErpasibHAas
dopmyna Komn, a tak:ke maTerpaabHas Teopema Korm.

[lepBas gacThb: MOKaxKeM, YTO BEJIMYUHA €, HE 3aBUCUT OT
BBIOOpA p € (1, R).

[Iycrs BBIGpaHBI YnCTa p, py Takue, 910 (cM. puc. 6.4):

r<p<p <R

Torga ns kosbia V), ,, (@) u quia dynkimm:
f(€)
( 5 _ a)nJrl

BBITIOJTHSIOTCS YCI0BUs TeopeMmbl Kormu. 910 o3HavaeT, 410 B
JIAHHOM cJIydae Teopema Kormm gBjsgeTcd MPUMEHUMON, U 3Ha-
9T, MOXKHO 3aIiCaTh:

f(€) -~ f(€) f(€) _
/ (5 _ a)n-l—l dé o / (g _ a)n—‘rl d§+/ (5 _ a)n—H df = 0.
Vo, (@) 3 ry
CJIe,HOBaTeHbHO, PaBHBI UHTEI'PaJIbI:
f(€) B f(€)
e fr et
T Ty

Taxkum 06pazoM, MoKasaHo, 9TO ¢, He 3aBUCAT OT p € (1, R).
Bropas gacts: mycts BbiOpama Touka z € Vi pg(a). Tax
Kak V. p(a) — OTKPBITOE MHOXKECTBO, TO MOXKHO HOI00DATE:

p, prirT<p<p <R,

upudeM (cM. puc. 6.5):
z € V. r(a).

Puc. 6.5.
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Jleknus 6. Pawr Jlopana. M3osmpoBannbie ocodble TOYKI

s dysknun f u obnactu V. g(a) Bepua uarerpasnshas dopmyna Kommn (Teopema «o
MBLIBHBIX IJIEHKAX» ), CJIEIOBATEIBHO:

1 A RO 1 [
f(Z)_Q_m' / szdg_Qm'/S—zd5 27ri/§—zd§'
B(mel (a)) F;rl F;

[ 1) _ [ SO 4
11_/6:%, ]2_/€_ad§_0.
Ty ry

Pacummem cragasa JJId IIEPBOI'O MHTEI'PaJia ]12

Ob6o3HaYnM:

Tak Kak:

To Jisa § € I'p

CrenoBaTeIbHO:

Tax xax dynxma f — HenpepsisHa Ha 1", , TO:
M >0: [f(| <M, VEeT,,.

HaJtee 3ammmrem:

n

£

P1

(:—a)
€=

rue:
zZ—a

E—a

Takum obpazom, psijl 1101 HHTETPAJIOM OIEHUBAETCSA CBEPXY IO MOJLYJIIO:

q:

XM )
— « — — CXOOAIIUNCA P,
n=0 2m P

i +
CJIeJIoBaTeJIbHO, 10 Ipu3Haky Befiepinrpacca psj| cxoquTcs paBHoMepHO Ha I'7 .
B urore momyunm:

ik 1 +00
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Jleknus 6. Pawr Jlopana. M3osmpoBannbie ocodble TOYKI

[JIe ¢, He 3aBUCUT OT pi (IO MEPBO YaCTH JTOKA3ATETHCTBA).
Hamee mpojesiaeM MOX0XKHUeE PacCykJIeHud s [o:

_ (1O f©)
he e [
r, ry

Pacrumen:
1 1 1 1
2 f-2 (-a0-(-a) z-a 1-£=
Tak Kak:
z—a
1
§—a ’
To g § € I'y:
I :§<£—a>"
z—a 1 E:Z n=0 (z =)
Torma:

Anasorndno 10Ka3aTeIbeTBy it I3 MOXKHO 3aInCaTh (Tak Kak PsiJi CXOAUTCS PaBHO-
MepHO Ha [)):

/(:i?mf(ﬁ) A nH)d/s Zz—a e <2m/f 5)

O6o3maunM:
k=-n—-1= n=-k—-1

Torma mepenurem:

+oo o 1 . B
> (- a) (2—7” [roe-a df) -
=S (- a)- (% / f(f)(i—a)"“‘lc%) =Y alz—a)

Takum obpasom, Teopema Jjiokaszana. Hl

6.2. I3ompoBaHHbIE 0COOBIE TOYKH

Onpenenenue 6.1. Touka a € C nazpiBaeTcsi ”30JIMPOBAHHOI 0CO00IT TOYKOIM (DyHK-
mn f, ecyim BepHO cirepytoree (eMm. puc. 6.6):

W>0: fe C1<B5(a)>, féc (Bg(&)).
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Jleknus 6. Pawr Jlopana. M3osmpoBannbie ocodble TOYKI

Omnpenenenne 6.2. [lycts Touka a € C apisercs n30mpoBaHHON 0000 TOIKO (hyHK-
nun f. Torma:
1) Touka a HasbIBaeTcs ycTpaHUMO# 0cO6O0i TOUKO# dbyHKINN f, ecin:

Jlim f(z) = A € C;

z—a

2) Touka a Ha3BIBAETCs MOJOCOM DYHKIUH f, €CJIn:

Jlim f(z) = o0;

z—a

3) Touka a Ha3BIBaETCsI CYIIECTBEHHO 0C0O00i TOUKOM dyHKIMN f, ecin:

Blim f(2).
zZ—a
BameruM, uro u3 onpeseiaenus 6.1 ciaemyer, uro ecan a € C
SIBJISIETCS M30JIMPOBAHHOI 0c060i TouKoil dbyHKIMEU f, TO BbI-
HOJIHSAETCSI:

—+00

f(z) = Z cn(z —a)", Yz € Bsla).

n=—0oo

Teopema 6.2 (XapakTepusarusi yCTpaHUMOI 0co60ii TO4-
ku uepes psn Jlopana). ITycmv mouka a € C ssasemca
U30AUPOBAHHOT 0c000T moukol dynkuyuu f. Tozda sepen cae-
dyrowuti kKpumeputi: Mouka a4 AGAACMCA YCMPAHUMOT 0c0bOT MOUK0T Mo20a U MOALKO
mozda, xoz2da:

Puc. 6.6.

+o0
f(z) = ch(z —a)", Vze Bsla), §>0.
n=0

O [Tepsast gacTh (=): TaK Kak TOYKA @ SIBIAETCS yCTPAHUMOIT 0c000it TOUKOi (DyHK-
mun f, To:

Jlim f(z) = A e C.

zZ—a

TOF,ILa KaK MUHUMYM BE€PHO CJICIYIOIIEEC:
M >0, 36 >0: |f(z) < M|, Vze€ Bs(a).

Buaunt, u3 HepasencTBa Komm s kosddurmenTos psia
Jlopana cieayer (cm. puc. 6.7):

‘cn‘é%:Mp_”—H), p— 0, VpE(O,é), n < 0.

TaK KaK €, HE 3aBUCUT OT P, TO 3TO BO3MOZKHO TOJIBKO B TOM
ciydae, e ¢, = 0 Ipu BCeX OTPHUIATENIbHBIX 1.
Bropas gacts (<): obo3nadunm cymMMy psja:

too Puc. 6.7.
f(z) = Z cn(z —a)", Vze Bs(a).
n=0
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Tax kak f — HempepbIBHA B TOUKE ¢ KAK CYMMa CTEIIEHHOTO Psijia, TO Y Hee CyIIeCTByeT
pesedt:

Jlim f(2) = f(a) = c.

zZ—a
Torma:
Jlim f(z) = lim f(z) = co,

zZ—a z—a

910 1 TpeboBasoch joka3arh. M

Teopema 6.3 (XapakTepusanus moJiroca depes psf Jlopaua). [Tycmos mouka a € C
ABAAEMCA U30AUPOSAHHOT 0c000T moukot dyrnrxyuu f. Toeda eepen caedyrouyuti xpume-
Pull; MOUKA a4 ABAAEMCA NOAOCOM MO020a U MOALKO moz2da, ko2da:

+oo
C_N C_1 n .
Z2)=——<+ - + cn(z—a)", c_ 0, Vzé€ Bs(a), 0>0.
f() (Z—G)N +z—a HZ:O ( ) N7é 5()
00 Uness mokazaTeJbCTBa — PACCMOTPUM (DYHKIHIO © = % U Pa3IoKUM ee B Pl

Teiiopa.
IlepBas wacThb (=): U3BECTHO, UTO:

Jlim f(2) =co= 39>0: f(2)#0, Vze Bs(a).

zZ—a

Torya byHKIHIO @(2) MOXKHO paceMarpuBarh B Bs(a), mpudem:

) ) 1
i p(z) = lim 775 =0,

TO €CTh TOYKA Z = @ ABJISIETCH yCTPAHUMOI 0co0O0it TOUKOM (DbyHKIUH (.
ITo Teopeme 6.2 Torja MOXKHO 3alllCATh:

p(2) =bn(z —a)¥ +byvpa(z =) N 21, by #0,
TaK KakK:
limp(z) =0, by=0.
z—a
Tora: .
f(z) = ., Vz e Bs(a).
(=) (z—a)V(by +bys1(z —a)+...) (a)
O6o3HaunM:

9(z) =bn +byyi(z —a) +...,
TOor'Ja IIoJIydaeTcd, 94TOo:
g€C'(Bs(a)).
TO €CThb.
g(a) =by #0.

Torma: 1
@ - (Cl (351 (a)), 51 € (07 5]7
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IpUIeM:
o
3uaunt: .
——=cN+C.nu(z—a)+..., c_n#0,
9(2)
TO €CTb, MOJIy4dmicd psjl Teiyiopa jijid peryagapHoil B Kpyre dpyukiuu. Tora:

+o0
_ 9 _ _CN -1 n
f(z)_(z—a)N_(z—a)N+"'+z_a+ZC"<z_“)’ c_n #0.
n=0

+oo
f(z):c——N+...+ = +ch(2—a)", c_n # 0,

_ 4\N _
(z—a) z—a =
TO BBIHECEM 38 CKOOKY:
C_N c_1 R 1
m++ Z_a+nzgcn(2—a)n: W(C_N+C_N+1(Z—a)+...>.
O6o3Ha9NM:
h(z) =c_n+c_nyi(z—a)+...,
TorJIA:
h € (Cl(B(;(a)), d >0,
LIPUYEM:
h(a) =c_n # 0.
CrenoBaTeIbHO:
h(z)
=——— h
f6) = g, ha) 0.
a 3HAUNT:

lim f(z) = oo,

z—a

910 1 TpeboBasoch jgoka3arh. M

CanenctBue 6.2. I[fyemv a € C — wsoauposarman ocobas mouka dynwkyuyu f. Toeda
MOUKA 4 ABAAEMCA NOMOCOM [ moz2da U moavko moeada, k0204 SbINOAHAEMCA KPUMEPUL:

ede:
h € C'(Bs(a)), h(a)#0.

JlokazarebeTBO caejicTBus 6.2 baKTHIeCcKn PUBEIEHO BHYTPHU JI0Ka3aTe/IbCTBa, TE€O-
peMbr 6.3.
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Omnpenenenne 6.3. Ilycts a € C — usosmpoBannas ocobas Touka DYHKIUU f U MyCTh
BBIIOJTHAETCA KPUTEPHIi:

__h(2)
f(z) = eI

rue:
h e C'(Bs(a)), h(a)#0.

Torna yucio N nasbiBaeTcsd MOPSIKOM IIOJIIOCA B TOUKE a s DyHKIUA f.

Omnpenenenne 6.4. Touka a € C naspiBaercd HyJieM dyHKIUM f 1OPsIKa N, €CJIn:
feC(Bs(a), 60,

IIpU4eM:

0=f(a) = f'(a)=---=f""V(a), [™(a)#0.
YrBepxkaenne 6.1. Ilycto dynkimsa f:
fe C! (Bg((l))

Torna a saBnsierca nysnem pyHKIUN [ MOPsiJIKA N TOI/A U TOJBKO TOT/IA, KOl BBIIOJI-
HAeTCd KpUTepuii:

f(2)=cuz—a)" +cpp1(z —a)"™ +..., Vz€ Bs(a).

[] /TokazaTe/ibCTBO CJIEJyeT U3 TOTO, YTO U3BECTHO, Y€MY PABHO Cp,.
Tak Kak a sBageTcd HyJaeM (PYHKIUH TOPSJIKa 1, TO 10 OlpeieseHuio 6.4:

0=f(a)=---=f""(a), [*(a)#£0.

Tax Kak M3BECTHO, YTO:

f"(a)
Cp = T
n!
TO MOZKHO 3alllCaTb:
+oo
f(z) =) alz—a), Vze Bsla).
k=0
Torta OKOHYATETHLHO TTOJIyYaeM:
O=c=cr="=cp1, Cn#0,

910 1 TpeboBasoch goka3arh. M

YrBepxkaenne 6.2 (Crnocob ompeneneHus mopsigka moJsioca). [lycrs ecrb dyHK-
U

_92)
£ = 55

rie a € C — nynb dyukiun g nopsakan € Z,, a a € C — uynb dyHKimu h mopsijaka m €
N.

Torna:

1) Ecau m > n, o a — nosioc dbyuknuun f nopsijka (m — n);

2) Eciu m < n, 10 a — ycrpanumas ocobast Touka (yHknun f.
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(] B nokazarenbcTBe Oy/IeT UCIOIB30BATbCS yTBepK eHue 6.1.
N3 yrBepxkiaenus 6.1 ciemyer, 9To:

9(2) = (z—a)" - q1(2), () € C'(Bs(a)), gi(a) # 0;
hz)=(z—a)" h(z), hi(z)€C(Bs(a)), hi(a)#0.
Torma:
f(Z) _ (Z _ (Z) ’ gl(z)

(z —a)™ - I(z)

Ecim m > n, To:
91(2)
hi(z
2) = 1(2) ’
(z —a)m—m
CJIeI0BaTEe/IbHO, 110 OIPeIeHno 6.3 — a ABJIsgeTcs MoI0coM DYHKIUA f HIOpsIKa m — n.
Ecimm m < n, to:

=

—m 91(2)

z)=(z—a)" ™. -0, z—a, n>m

f( ) ( ) hl (Z) Y ? )

m 91(2) gi(a)

flz)=(z—a)"™- ,

=)=/ mG) @)

B oboux ciydasix BHIHO, 9TO TOYKA ( SIBJISIETCS YCTPAHUMON 0COOO#l TOYKOM, 4TO 1
TpedboBasioch jokasarh. M

~—

z—=a, n=m.

Teopema 6.4. [Iycmv a € C — usoauposannas ocobas mouka dynxuyuu f. Toeda sepen
caedywus Kpumeputl: Mmovka a ABAAEMCA CYULeCm8enHo 0coboti moukol dyrurxyuu f
mozda u MoAvKko moezda, Kozda Ba(a) codepotcum beckoHewHo MHO20 Opobeti ¢ HEHYAEBVLMU
KoapPuyueHmamu.

[\]

u 6.3.

Jannas Teopema ciiejryeT u3 TeopeM 6.

Puc. 6.8.

Onpenenenue 6.5. s ciydas, korna a € C saBjsgercss m30IMPOBAHHOM 0CO00H TOUKOIT
B psje Jlopana ciieyrornue KOMIIOHEHTHI HA3BIBAIOTCS:
—00
Z ¢n(z —a)" — rmaBHas yacTth psga Jlopana;
n=—1
+00
Z ¢n(z — a)" — npaBuabHas dacth psga Jlopana.

n=0
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ITpumep 6.1. /lana dpyHkIms:

1 TOYKH:

Tak kak:
sin z =0, cosz
0

# 0,
z= =0
TO 9YHCJIMTEJIb UMeEeCT HOJIb HYJIEBOI'O IIOPAJKa, a SHaMeHaTe/Ib — II€PBOIo.
TOI‘,ZL& z = 0 — moutroc IIEpBOI'O IOpdaKa, a 2z = OO0 — HE€ HU30JIMpOBaHHasdA TOYKa, ITO

MOSICHEHO Ha pucyHKe 6.8.

z
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