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JIEKIINS 12

IMonubie anasutuyeckne PyHKImMu Ln 2z u /2. Ocobble TOYKH
aHAJINTUYEeCKNX PYyHKIINI

12.1. ITonubie anasuTrdeckue dbyHkmuu Inz u /2

Onpepenenne 12.1 (Ilonnas anamurudeckast dyukiws). [lycts ects snement (B, (a), f).
Torma moHON aHaAUTUYECKON (YHKIMEN, MOPOXKIEHHON STUM 3JIEMEHTOM, Ha3bl-
BaeTcd JF — COBOKYIHOCTH BCEX JIEMEHTOB, KOTOPBIE MOJIYYalOTCsd W3 JAHHOTO aHaJsIu-
TUYECKUMHU TTPOJIOJIZKEHUSIMHU BJIOJIb BCEX KPUBBIX, BJI0/JIb KOTOPBIX TaKOe IPOIO/IKEHIE
BO3MOYKHO.

Onpepesienne 12.2 (Anajmruyueckas yHKIWs). AHaIuTHYIeCKass (PYHKIUS — 5TO
CBSI3HOE IOJIMHOYKECTBO 3JIeMEHTOB u3 JF (T.e. JIIoOOil 9/IeMEHT U3 9TOr0 IMOJMHOKECTBA
MOKHO CBSI3aTh C JIIOOBIM JIPYTUM Yepe3 KOHEUHYIO MEMOYKY 3JIEMEHTOB U3 3TOrO ITOMHO-
JKECTBA).

BamMeruM, 9T0 00bEIMHEHNE BCEX KPYTOB 9JIEMEHTOB U3 OIpejieieHns 2 obpasyer 00-
71acTh (T. K. 9T0 OyIeT OTKPBITOE U CBSI3HOE MHOYKECTBO).

ITycre Gepercst Touxa a € C\{0}. Torza B kpyre Bjq|(a) MOKHO BBIIEIATH PEryIspHBIE
BerBu Lnz u {/z.

Ecmu pacemorpers (Bjg(a), he) — siement, rae h, — ojiHa u3 pery/spHbIX BeTBeil Ln 2
B Kpyre By (@), TO TOr/1a 3TOT JIeMEHT MOPOZK/ICH MHOrO3HAYHOH (yHKueir Ln 2.

Anasormaso (B\a|(a),ga) — 3JIEMEHT, MOPOKJIEHHBIA MHOTO3ZHAYHON (byHKImEH /2,
rje g, — peryasgpHas BeTBb /2.

Teopema 12.1 (O6 aHAJIUTUIECKOM TPOJOJIZKEHUN BJIOJb KPUBBIX 3JIEMEHTOB Ln z).
IIycmov (Bjg(a), he) — anemenm, nopoocoérmonl mrozosnaqnot dynryuet Ln z. Tozda
1) Vb e C\{0} V xpusoti 'y, om a do b 6 C\{0} wmoorcro ucxodnviti snemerm npodoa-
orcums 60oanv L'y p.
2) Ecau ecmv anemenm (Big(c), he) — anemenm, noposicdénnmii Ln z, mo moada 3
kpusas 'y . maras, 4wmo danmolll dAeMEHM NOAYUAELNCA KUK GHAAUMUYECKOE NPO-
dosnoicerue 6doav g us (Bg)(a), ha).

0 Jlast loka3aTebCcTBa UCIOJIB3YeTCs OlpeieleHue aHAJTUTUIECKOTO ITPO/IOJIZKEHNUS BJIOTh
KPUBOI.

ab

Gl

Puc. 12.1.

b

1) T.x. I'yp — xommaxr, 0 ¢ L'y, TO

p(O, Fa,b) =d > 0.
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IIycte z @ [0,/] - C — mopmasbuas (T.e. jymHOI) mapamerpusarnus [yp (T.e.
napaMeTp § — JyIMHa 9acTu Jayru). Beibupaem Touku {sq,...,sx} C [0, /] Tak, uro:

0281<52<...<Sk:€, |Sj—5j,1|<d Vj:2,,]€
Eciu o6o3uaunTs 2(S;) = 2;, TO BHAHO, 9TO

szil’zj C Bd(ijl) \V/j = 2, cey k.

Puc. 12.2.

Omnpenennm bysakimio ¢ : [0, ] — C mag nagana zHa [$1, S] (s1 = 0):

@(S)Vse[sl,sﬂ = ha(Z(S)).

Torma B kpyre By(z;) onpenensgem ynxmuio h., — peryspHas BeTBb Ln z Takag,
aro h,(2z;) = ¢(s;). AHaTOrIIHO TONIAroBO ompesie MM ¢ Ha BeéM orpeske [0, £].
IIpu 5TOM TIOMIy M 3IeMEHTHI, KOTOPBIE CBA3aHbl 4epes ¢ : (By(2;), bz, )j=2,... k- To-
1@ ecyn BeIOpaTh vsneMenTsl (Bq(2(s)), ha(s)), 1€ h.(s) — peryisapHas BeTBb Ln z
TakKasd, 9To

has) (2(s)) = @(s), s €[0,4].

Ecin BLIOpaTh TaKe 3J1€MEHTDI, TO OHU 3aal0T aHAJIATHICCKOE MPOIOJIZKEHNE JIe-
menTa (B (a), he) Bromb .

2) Ecim (B (c), he) — snement, nopoxaénnbliii Ln z, To BeIOUpaeTcs IpOU3BOJIBHAS
kpuBast Ly, o1 a 10 ¢ 8 C\{0}. TTo myHKTY 1 MOMKHO TIPOJOJIKATE CTAPTOBHIIT 31e-
meHT (Bjq (@), hy) anamuruaeckn Bogn Iy . 10 (Big(c), izc), rjie He PpakT, YTO BETBb

sorapudma h, COBIAJIET C BETBBIO jiorapudma h.

Puc. 12.3.

T.x. he u he — JiBe peryJispHble BeTBH MHOTrO3HauHO# dyHKimu Ln 2 B kpyre Bjq(c),
TO OHHU CBSI3aHBI CJIEJYIONUM coOTHOIeHeM: h. = h.+27ki, rine k € 7Z — xKoHcranra,
He 3aBHCAINAs OT TOYEK 2.

Tora nobasum K Kpusoii I', . okpy2rHOCTB [y € IeETpOM 0 1 pamycoM |¢|, KoTopast

k pas mpoxomaut 0. Torma fa,c U fa,c Oyaer nckomoii I'y ..
[ |
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Caencrsue 12.1 (Buj nosroit anasurunaeckoii byskimn Ln 2). [Toanas anasumuseckan
dynryua Ln z cocmoum us cosoxynnocmu aremenmos caedyroujezo suda: (Bg(a), hy),
a#0, 2de h, — xaxas-mo peeyaapnas eemev Lnz 6 By (a).

AHAJIOTTYIHO JTOKA3BIBAIOTCS CJIEIYIOIIIe TeOPEMbI U CJIeICTBUS.

Teopema 12.2 (06 aHAIUTHIECKOM TIPOJIOJZKEHUH BJIOJIb KDUBBIX 3JIEMEHTOB {/2). ITycmo
(Bja)(@), ga) — anemenm {/z. Toeda
1) Vb € C\{0} YT'up, 0 ¢ I'yp 9mom saemenm anarumusiecky, npodoarcaemes 6004b
Tos.
2) Ecau ecmo anemenm (Byg(c), g.) — anemenm {/z, mo AU, . makas, wmo smom sne-
MEHIN. NOAYHALMCA GHAAUMUNECKUM npodosdicenuem 6004 Iy . us (Bjg(a), gq)

Cuaencrsue 12.2 (Buj nosHoit anaiurudeckoii byukuuu {/z2). Hoanas anasumuseckas
Ppynryua /z cocmoum uz cosorynmnocmu anemenmos (B (a), g.), a # 0, 2de g, — xakas-
mo pezyaapran 6emsv /z 6 By (a).

Bameuanue 12.1 (Bum nonnoit anammTudeckoit dbynxkmum 2°). Axamormdno mojanas ana-
mmtrdeckas dyuknua 2°, tae b € C duxcuposana, z # 0, COCTOUT U3 COBOKYIIHOCTH
snementos (B,(a), fa), a # 0, tue fo(z) = e rue h, — perynspnas serss Lnz B
Bja|(a).

ITpumep 12.1 (PumanoBa moBepxHOCTD HOJIHOI aHauTHIecKOi dyHKIwN Ln 2). Hamom-
HUM, ITO
ho(z) =In|z| 4+ -arg,, 2z, rme0 < arg,, z < 2m,

— o/lHa u3 peryispHbIX BerBeil Ln z na muoxkectse C\[0, +00),
hi(z) = In|z| +i(arg,, 2z + 27k), k€E€Z
— ocraJsibHble peryisgpubie Bersu Ln z va C\[0, +00).

0N

Puc. 12.4.

Bynem paznuydars TOUYKHU 2 = 7T - e/ (o+27k) 11 pasubIx k € Z, rie Yo = arg,; 2k, T.e.
onpeJiesisieM MHOYKECTBa BUJIA

Gr={r-¢?r>0,0=¢+2rk, 0<p<2m},

cantaeMm (G, HElepeceKaromMMUICS.
Paccmarpubaem
hi(z) =lnr +ip, z€ Gy.

G=|]JGk

kEZ

Hamee
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Gk+ 1

=
Puc. 12.5.

h ba G :

Omnpenenum cucTeMy OKPECTHOCTEH JIJIst KayKI0it Touky z € G.
Ecmm z € Gy, z ¢ (0 + o0], 10

Uiz)={|7|<e}, tmed=p(z,[0,+x)) Vee (0,d).

Ecan

_ i(0+2rk
2€ Gy, z=r-el )

T.€. z JIEKUT Ha BepXHEM Gepery paspesa, TO TOTJIa
U(z) =4l — 2| <e, TmzZ 20}U{|z2—-7|<e, Imz <0},

rie
Z=1z-—2mk € Gk*l'

Puc. 12.6.

MHoroobpasue — 3T0 MHOKECTBO, B KOTOPOM JII0bas TOUKa IMeeT OKPECTHOCTh, T'0-
MeoMopdHas (MMeeT B3anMOOIHO3HAYHOE HEIPEPLIBHOE 0TOOPazKeHne) KyCKy IIOCKOCTH,
T. €. mpocTeiitee 0000ITIeHNe TOHATUS TTOBepxHOCTH. B Harem ciydae Gy — MHOroodpa-
sust. 3amernm, uro h peryiasipua Ha G (BugHO 3 Teopembl 12.1).

ITpumep 12.2 (TTosepxnocts Pumana jjist /z). CTpoum aHAJIOMMYHO, HO YUC/IO JIUCTOB
KOHEYHO (UX N, TaK KaK KOpeHb KoHeuHo3HaueH). [Ipu sroMm mocie obopoTa Ha 1mocie [HeM
JINCTE OCYIIECTBJISIETCS TIepexoj] Ha MEePBbId, T.e. HUKHUi OGeper paspesa Ha (), OTOXK-
JIECTBJIsSIETCS ¢ BepxHUM Oeperom Ha (7.

Bosnukaer mpobsiemMa, 3aK/II04aioniascsa B TOM, 9TO HUXKHEUI Oeper paspesa Ha G, u
BepxHMit Oeper paspesa Ha (G HAXOIATCA B Pa3HbIX HOJIYILIOCKOCTAX. JlanHas mpobiiema
pemaercs myTéM Bhixona B RY.
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a) 6) B) r)

Puc. 12.7. a) — 6yrsuika Kieitna, 6) — juct Mébuyca, B) — TOp, r) — IUJIXHID

12.2. HJIO

CxitenBaeM yTJIbl KBaJipaTa. B cilyuae CK/ienBaHUsi BEPXHETO C BEPXHUM, & HUYKHETO C
HUKHUM, obpasyeTcs IUINHIP, OKasbiBaonumiicsa B R3.

Ecnu ckenBaTh BEPIIUHBI IO IMATOHAJN, TO TOJIydaeTcs jauct Mébuyca, momernaro-
muiica B R3. K coBy, mmer Mébuyca — HeopreHTHpyeMas ITOBEPXHOCTD.

Eciu ckinenTh Be cTOPOHBI TaK, YTOOBI TOJIYUIUJICA IUJIMHJP, a JBE JIPYTrue — KPecT
HAKPECT, TO TOJIyIAETCs TOP.

Ecnu ckneuth nBe cTOpOHBI Tak, YTOOBI TOJIYUWICA NUJIUHJD, a JBe JApyrue — 0e3
COXpaHEHUsI OPUEHTAINH, TO MoJIydaeTcs OyThlika KiieitHa, KoTopast SBJIsIeTCs TTOBEPXHO-
creio B RY,

Takum 06pa3oM, BBIXO B OOJIBIIYIO PA3MEPHOCTH — CTAHJIAPTHBIN IPHEM TOCTPOEHUS
MHOTI'000pa3uii.

12.3. Ocobble TOUYKU aHAJIUTUYUECKUX (PYyHKIU

Onpepenenne 12.3 (Oobas Touka anamurudeckoit dyukiwm). [lycts F — anamurude-
ckast QyHKIus, MycTh Haiijiéres snement (B, (a), f,) u xpusas I',, Takue, 910 77€MeHT
(B(a), fo) MOXKHO aHATMTHYECKH HIPOJOJIKUTL BIOJb 1, Vz € T\{b}, Ho ero nesb3s
aHAJIUTUYIECKH IPOJO/KUTE B TOUKY b Brosb Beeit I'y . Torna b — ocobast Touka ana-
smtudeckoit dyukmuu F (b € C).

1
Ecmu nna dyuknun F| = | Touka zg = 0 gBjgeTcda 0coOOii, TO Mbl TOBOPUM, UTO JIJIst

F ocoboit ToUKOit Oy1eT ToUIKa, 0O.

b

Puc. 12.8.

Samevanue 12.2 (CBsa3b MekKLy 0OCOOBIMU TOYKAMU OOBIYHBIX (DYHKIIUI 1 AHATUTHIECKIX
dbyukwmit). Eciu b € C — 10T10C WM CYIECTBEHHO 0c06as TOUKa OOBIMHO OIHO3HAMHOM
dyukmuu f, To b saBageTcd 0coboit B cMbIcse onpeesienns 12.3.

Ecim b € C — ycrpannMas ocobast TOUKa, TO OHA HE SABJISETCA OCOOOH B CMBICTIE
onpejiesieHus 12.3, Hampumep B caydae % (GYHKIIUIO MOXKHO MPOJIOJIZKUTD C ITOMOIIHIO
pana i Jiiodoit Touku B okpectHOCTH ().

ITpumep 12.3. Yz — muOrozHauHas (GyHKIMsI, PACCMOTPUM (DYHKITHIO

1
9(z) = o
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rJie g — peryssipHasi BetBb {/z B By(—1). Craprossiii smement — (B1(1), g1), tae g1(1) = 1.
[Tpu nponoszkerun (Bi(1),g1) BAoIb v (BepxHsisl eMHUYHAS [OJYOKPYKHOCTh) TOYKA
Byier 0coboif, T. K. HEBO3MOXKHO TIPOJIOJKUTE B ToUKY (—1). ITpu npomokernn BIosb o
(HMKHSS eIMHIIHAST [T0JIyOKPYKHOCTb) JIAHHON HPOOJIEMBI He BO3HHUKAET.

MozkHO paccMaTpUBATh JAHHYIO CUTYAIMIO KAK TPHU JIHCTa [IOBEPXHOCTH PumaHa, Ha
OJIHOM W3 JINCTOB KOTODPOIf €CTh IIPOKOJI, & Ha JIBYX JPYIUX — HeT.

Teopema 12.3 (Komu-Aamapa). [lycms ecmo

s(z) = ch(z —29)" Vz € Bg(a),

rae R < 400 — paduyc crxodumocmu amozo psada. Toeda ma 2panuue kpyza crodumocmu
(oxpyotcrnocmo |z—a| = R) ecmb xoma 6v, 001a ocobas mouka 6 cmuicae onpedeaernua 12.35.

[0 TokazaTeabCTBO OT IIPOTUBHOIO.
Jomyctum, ocobbix Touek Ha okpyzkHocTd {|z—a} = R} uer. Torna snement (Bg(a), s)
MOZKHO 110 JIIO6OMY pajinycy [a, £] aHAJUTUIECKH MPOJIOJIKUTH B I'PAHUYHYIO TOUKY

§e{lz—al =R}

Puc. 12.9.

Torma momyanmcs saementst (B, (€), fe). Tak xak Kpyrm 06pa3yloT OTKpPBITOE TIO-
KpbITHEe KOMmakTa {|z — a| = R}, TO MOXKHO BBIODATH KOHEYHOE UHCJIO 3JEMEHTOB

(BTJ' <€j>» fj)j:L,,_,k TakK, 4TO

(= =al = B} U B, (&)

Paccmorpum ob1actb
k
G = (Br(a)) U (| B, (&)
j=1

u paccMoTpuM B G aHATUTHIECKYI0 DYHKIMIO F Kak COBOKYIHOCTB 371eMeHTOB (Bg(a), s)
u (B, (&), fi)j=1,..k- [lokaxem, uro na muoxkecrse G dbynkiua F oxnosnadna. Ecim
B3arh £, m € {1,..., k} Takue, aro

Br/z (56) N Brm (Sm) 7é 07

TO TOI'la HE 6y)1eT IIyCTBbIM TpOfIHOG ImepecedeHue 3TUuX Kpyros ¢ HCXOAHBbIM:

@ # By,(&) N By, (§n) N Br(a).


http://lectoriy.mipt.ru

http://lectoriy.mipt.ru 7us38

Jleknus 12. [Tosmbie anamuruaeckue dbyHknun Lnz u /z

T. x. smementsrt (B, (&), fo) n (By, (&), fim) ABISIOTCS aHATUTHYIECKIME ITPO/IOJZKEHNSIMIE
ucxouoro sementa (Bgr(a), S), To

fi(z) = s(z) = fm(2) Vz € rpoitHoro nepecevenns,
r.e. fi(z) = fin(z) — coBnasm Ha dacTu 06JIACTH
By, (€)1 By, (6n).
CiteioBaTeIbHO, 10 TeOpeMe € IMHCTBEHHOCTH OHU COBIIAAIOT HA BCEM IEePECeIeHnn
Fi(2) = fn(2) 12 Byy(€0) O By (6m).
Torma F omnosHauna Ha (G. 3aMeTUM, 9TO
de > 0: Bry.(a) C G,
To ectb F perynsapua B Bri.(a), T. K.
F(z) =s(z) Vz e Bg(a).

CiietoBaTeIbHO,

(m) (m)
i O
m! m)!

Torna kak peryiasgpHas QyHKINs

0 7(m)
F:Z—F ()(z—a)m

B Bri.(a), mo mokazaHHOMY BBbIIIIE

CrietoBaTeIbHO, PsIT
Z cn(z —a)"

cxoauTest B 60s1ee MupokoM Kpyre Br,.(a), 3Haqur R He sBJIsieTcs paJyCOM CXOMMOCTH.

Onpenenenne 12.4 (Touxa Bersienus). Touka a € C aBisgercs TOYKOW BeTBIIEHUS
aHaIUTU4IecKoi pyHKInn F, ecan

Jrg > 0:Vr € (0,7

F 3ajaHa B CKOJIb YIOJHO MaJjioii okpecTHOCTH B,.(a) TOYKU a, HO He SIBJISIETCS B Heil
OJIHO3HAYHOI, TO €CTh HAMJIETCA JIEMEHT

F (B(g(al),fl)B(;(al) C BT<CL)

1 9TOT 3JIEMEHT IIPOJO0JIZKaeTCdA BJIOJIb BCEX KPUBBIX, JI€2KalllUX B KpPyre ¢ IHeHTPOM a u
PaanuyCcoM 1, HO MOXKeT JaBaTb pa3HbI€ 3JIEMEHTDLI IIPU IIPOAO0JIZKECHUU 110 Pa3HbIM KPUBLIM.


http://lectoriy.mipt.ru

http://lectoriy.mipt.ru 8u3 8

Jleknus 12. [Tosmbie anamuruaeckue dbyHknun Lnz u /z

G

a

Puc. 12.10. Puc. 12.11.

Onpepnenenne 12.5 (Tunsr Touek Berwienust). Ecim a € C — Touka BerBienus F u
€CJIN €CThb JIEMEHT

(Bs(a1), f1) : Bs(a1) C B, (a),

TO ecyu HalaeTcd MuHUMaIbHOoe M € N @ m > 2 Takoe, 4TO MOCJ€e M-KPATHOTO aHAJIMTHU-
YECKOI'O IIPOJOJIZKEHU A 110 OKPY2KHOCTU C HEHTPOM G ITI0JIydacM SKBUBaJEHTHBIHI JIEMECHT,
TO @ — TOYKA BETBJIEHUS ajireOpamydeckoro nopsijaka m. nade a — Touyka BeTB-
JIeHus JorapudMmnIecKoro nopsaka.

ITpumep 12.4. 0,00 — TOYKM BETBJICHUS aNreOPanIecKoro IMOPSIKa 1 st /2.

IIpumep 12.5. 0,00 — TOYKH BETBJIEHUN JIOTapU(MPMUYECKOTO TOpsIKa Jiid Lin z.
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