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JIEKIINST 9

IMpupamienune aprymeHTa z BA0Jb KOHTypa (IPOIOJIXKEHNE).
Perysisipabie BeTBu MHOTO3HAYHBIX PyHKIwmi {/2} u Lnz

9.1. BeiiesleHne HenpepbIBHBIX BeTBeii MHOTO3HAYHON (byHKIUN Arg z
Ha mpormtoit jiekiun ObLIO JaHO CJIeIyIOIee Olpe/ie/IeHue:
Onpepenenne 9.1 (Ilpupamenue arg~y ua orpeske [0,1]). Ilycrs
v:[0,1] = C, ~e€CY[0,1]), ~(t)#0 Vtelo,1].

Torma
1

/
t
Apargy(t) = /Im () dt
0

(1)
Ha3bIBAETCsl MpUpaIIeHneM argy Ha orpeske [0, 1].

Ha cemmnapax u B 3ajlaHusX IpuUpalienue yria OyjeTr caurtarbed mpoire. Mnrerpadt
Oy/IeT paBeH Pa3HOCTH MEXK/Iy HAaYaIbHBIM ITOJIO2KEHUEM YIJIa U KOHEYHBIM

Ay argy(t) = @1 — @o.

F:Y([Oall)
)

#1 ®o
0 x

Y

Puc. 9.1.

Yreepxkaenne 9.1 (Jlorapudmudeckoe croiictBo Ajgqyarg y(t)). Ilycrs

Y1,72 - [0 1] —-C, vm,m€ 01([0’ 1])» 71(75) 7’é 0, 72(15) 75 0 Vte [O, 1]~

Torna
Aoy arg(vi(t) - 72(t)) = Ap,yarg 11 + A, arg e,

Y1(t
A[0,1] arg 71—8 = A[o,l} arg 71(?5) - A[071] arg 72(75)-
2

L1 U3 onpenenenns 9.1

Ao arg(7(t) /llm( ) dt:/llm (7 2+72 71>dt
Ji Do) o)

Anajgorngano st V1 / Yo [ |
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Onpepenenne 9.2 (IIpupamenne aprymenta va kpuoit). [Tycrs I' — Kycouno-ruiaikast
kpusas B C, ne mpoxoamast gepes 0 (0 ¢ I'). Ilycrs 7 : [0,1] — C — oxma 3 10mycTHMBIX
napaMerpusaruii I'. Torma MoKHO paccMOTpeTh TpHUpAIeHe

1

1
"(t "(t) dt = y(t d
ArarngA[o,Harg'y(t):/Im 7 )dt:Im/&: 2 =), Im/?z,
T

7 (t) V() |dz=~(t)dt|

T. €. IIOKa3aHO, 9TO 9TO OIIpe/ie/iIeHne KOppEKTHO, T. €. HE 3aBUCUT OT BbI60pa IrapaMeTpu-

dz

sarmun Y(t), T. K. 9TUM CBOficTBOM O0masaer uaTerpan [ —.
r

Samevarue 9.1 (O mpupaiennn apryMeHTa BI10JIb 3aMKHY Toit Kpuboii). Ecau I' — kycouno-
ryIajiKast 3aMKHyTast KpUBasi, TO IIpUpPaIlieHne

Arargz = 27k(I'), e k(I') = Z,
T. K. 9TO Pa3HOCTH YIJIOB B OJHOI TOYKE, KOTOPast SBJISETCS HAYAIOM U KOHIIOM.

Teopema 9.1 (O BblesieHNN HENPEPBIBHBIX BeTBeil Arg z). [Tycmo 6 obaacmu G C C nem
npocmuix (6e3 camonepecenenut) 3aMEHYMBLE KYCOUHO-2AG0KUT KPUBHLE, 0TEAMVUEAIOULUT
mouky 0. Tozda 6 G ModHCHO 6bIDEAUMD HENPEPLIBHBIE EMEU MHO203HAUHOT PYHKUUL
Arg 2.

[0 Jloka3aTe/bCTBO KOHCTPYKTUBHOE — SIBHO TIPEIbSABIISETCS HEIPephiBHAsT BETBb Arg 2.
Pacemorpum dyHKINIO BHIA

©(2) = o+ Ararg z,

rie B obiactu G 3abukcupoBaHa HadaIbHASA TOUKA Z(.

Puc. 9.2.

B sroit Touke BRIGpaH yroi gy € Argzg. U3 yciaoBus teopembl sicHo, uto 0 ¢ G.
' — sr0 mpom3BoIbHAA KYCOUHO-TJIAIKas KPUBasl, CBA3BIBAIOIIAs TOUYKH Zg WM 2 BHYTPHU
obnactu G.
1) Hokaxkewm, aro onpenesnenne (z) KOPPEKTHO, T.e€. ITO ¢(z) JAeHCTBUTEILHO HE 3a-
Bucut ot I'. VI3 ycjioBust TeopeMbl ciiejiyet, 9to ¢(z) He 3aBUCUT OT BbIGOpA KPHUBOIi
I, coeunstomieit Toukn zg n 2 B G. OT NPOTUBHOTO: JIOMYCTUM, B3sIThI JIBE PA3HBIE
KpuBBIe OT 2o J0 2 — ' m I'y.
B stom ciyuae ['yUI'™ — 3amkHyTas kpubasd B obactu G. PaccmoTpum nipupairienue
10 KpUBOH

d
Ar,ur- argz = Im/ —Z
z

Iur—
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Puc. 9.3.

1
T.x. dyHKIEA — He mMeeT 0coOBIX TodeK BHyTpH ['; U™, To mo Teopeme Kormm
z

dz dz dz dz dz
— =0, = —= | — = Im[—=Im | — =
z z z z

r r I

) oz
'y
= Arargz = Ar, arg 2.

2) JlokaxkeM Ternepb, 910 ¢(2z) — 9TO BETBb apryMeHTa.
I3 onpenenenns BeJUIHHDBI

Arargz = (po+ Arargz) € Arg z,
T. €. OJIUH U3 YIJIOB B TOYKE 2, 4 3HATUT

©(z) = o+ Ararg 2

— BeTBb (BBIOOpKA) Arg 2.
3) Ilokaxkem, 9To ((2) HempepbIBHASL.

T. k. p
z
o) = o+ 1m [
T

1
IJIe BTOpOE cJlaraeMoe — 9TO MHUMAas JacTh OT IepBOOOPa3Hoil pyHKIMH —. BbImoJi-
z

HSIETCS YCJIOBHE TEOPEMbBI O CYIIECTBOBAHHUY I1€PBOOOPA3HOI: B 00IacTH (PYHKIUS
peryispHasi, 1 UHTerpaj OoT Hee II0 JIOOOH 3aMKHYTON Kpuboit — 0, moromy cy-

dz

IECTBYET TepBOOOpa3Hasi, 3ajiaBaeMas COOTBETCTBYIONIUM WHTEIPAJIOM f —. 910
roz
peryngpHas B obsiactu G (pyHKIMsA, TOrIa €€ MHUMas JacThb — IapMOHUYECKas, a

3HAUUT €€ MHMMasl 4aCTh, B YACTHOCTHU, HelIPEPbIBHASI.

Teopema 9.2 (Cisi3b MexKJIy HeNpepbIBHbIMU BeTBaMU Arg z). FEcau 6 obaacmu G C
C MmootcHo 6v10eaumsd HENPEPLIBHYIO 6EMEL O MH0203HAYHOT PyHKyuy Argz, mo ece
ocmanvHvie Henpepvisnve semeu Argz 6 G umerom sud

or(2) = p(2) + 21k, ke Z.
[ Ilycts ¢, ¢ — HenpepbIBHbIE BETBU

Argz = h(2) = ¢r(2) — 0(2).
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h(z) — menpepbiBHAs DYHKIUSA, TPHIEM
h(z) =2m-k(z) VzeG, rtuek(z)eZ.
T. k. h(z) — HenpepbIBHAs HA CBA3HOM MHOXKeCTBe (3, TO €€ MHOXKECTBO 3HAYEHNUI CBSI3HO,

a suaantT h(z) = 2wk, rue k — KoHCTaHTa, He 3aBUCAINAL OT 2, k € Z. [ |

9.2. BoijiesieHue peryisipHbIX BeTBell MHOTO3HAYHbIX (byHKIui {{/z} u Lnz

Pacemorpum {{/z}, ecin z # 0. Torua

: ok
(/72) = (% |z]expz(argm2+ ™) k—01,... n—1}

{/z} : C\{0} — 2¢ — mmorosmaunas bynxms.

Omnpenenum Ln z.
Pacemorpum nokazarenbrayio dyskimio 2z = ¥, 3amerum, 9to z # 0, T. K.

|e¥ | =|e" e | =e" > 0.
Bripaxkaem w depes z :
|Z| . eiargmz — oY _eiv PN ’le = euv o
arg., 2 +2rk =v, ke€Z.

u=1In|z|,
Lnz = {In|z| +i(arg,, 2 + 27k)}, k€ Z.
Lnz:C\{0} — 2° — mmorozmaunas yHKIws

Bomnpoc: B kakux 06/1aCTAX MOXKHO BBIJEIUTH pery/apHbie Bersu {7z} u Lin 27
BameTnm, 9TO

i Arg z

Vze C\{0} : {V/z} = |z e =, Lnz =In|z| +iArgz,

T. €. BUJIHA CBSI3b C apI'yMeHTOM z, Torja ecyn B obytactu G € C MOXKHO BBIJIETUTH HEIpe-
PBIBHYIO BeTBb Arg z:

©(z) = o+ Ararg 2
(sadbukcuposanbl z € G, pg € Arg zg), TO TOrJA €cau B 9Tl ke obsactu G paccMoTperhb

ip(z)

gz)= |zl -en, h(z)=In|z|+i-p(2),

TO BUJIHO, 9TO ¢ — HenpepbiBHas BeTBb {/z B G, h — HenpepbiBHas BeTBb Ln z B G.

Teopema 9.3 (O6 obparnoit dbyHkImu jijis peryiasproii dyukiwu f). [Tyems dynryua
f e CHG), G — obaracmv 6 C, npuuém f'(z9) # 0 das nexomopoti zg € G, npuuém
wo = f(20).

Tozda das nexwomopvix wucea d > 0, € > 0 natidémesn obpammuas x f pynkyus

fil . Bz—:(wO) — B5(20>,
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fG)

@

Puc. 9.4.

mo ecmo
f(f7H(w) =w Yw € B.(w),

ede [~ peayasapna ¢ B.(wp), npuuém
Yw € BE(U}Q).

[0 st m1oKa3aTeIbCTBa UCIOIB3YeTCsl TeopeMa U3 MaTeMaTHIeCcKOro aHaJn3a O CyIe-
CTBOBAHMH 0OPaTHOI yHKINN 1Id oTobpaskennd n3 R? B R2,

f(2) = u(z,y) +iv(z,y),

{u = u(z,y),
v =v(z.y),

npuueM u,v € CHG), r.x. f € CY(G). Cunraem skoGuaH, yIuThIBag, 4TO T.K. f pery-

T. e. orobpazkenne u3 R? B R%:

JfpHa B obj1acTh, To 1o ycjaosuaM Komu - Pumana u, = vy, v, = —u,,
Uy U Uy —V
J=det| " Y =det| " l=u2+v2=(f(2)*#0
Uy Uy T Uy

npu z = zg, T.K. [/ = ul +iv). To ecrb sikobuan J # 0 B Touke (o, Yo), L€ 2o = To + iYo-
Torna ecim
wy =ug +1ivg & Uy = u(To, %), vo=v(To,Yo),

TO TI0 TEOPEeMe M3 MAaTeMATHIeCKOrO aHAIN3a O CYMIeCTBOBAHUKE OOGPATHOTO OTOOpAsKeHHIA
36 >0, e > 0:3orobpaxkenne r = x(u,v), y=1y(u,v): B(ug,vo) — Bs(xo,yo),

obpaTHOe PACCMOTPEHHOMY BBIIIIE

puyeM

IpuYeM MaTpUIA
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B TOUKe (U, V) ABJISETCA 0OPATHON K MATPHILE
Uy Uy
Uy Uy
B TouKe (x,¥), e © = x(u,v), y = y(u,v). Torma usz Kypca JuHeliHOi ajarebpbI
up uy\ o Up U
v = 7. JJ], mmeJ=det| * Y.
Uy Uy 2 7 Vg Uy
CiegoBaTesbHO,
Uy Uy Uy Uy
quja ;pU:—7, Yu = 7’ yv_7
Torga T.K. vy = Uy U Uy = —Vg, TO Ty = Yy, T = —Y,,. 1l09TOMY OOpaTnas dbynkimsa

= 2(u,v) +iy(u,v)

muddepennupyema B B (wp).
T.x. z(u,v) u y(u,v) apagorca Cl-rnagkumu, To GyHKIHMA

(f (W) = zu + iy

HelpepbIBHA, T. €. f perymspHa B Be(wy).
T.x. mo ycnosuam Komm — Pumana qia f Bepno: v, = Uy, TO

Uy Wy Ug — QU Uy — 1 Uy 1

(7 w)y =2 = 2 -

J T w2402 (up—i-ve)(up +ive)  up+iv,  ff N (w))

Teopema 9.4 (O BbuieieHUN PEryJISIPHBIX BeTBeli jiorapudma u KopHsi). [lycmv 6 00-
aacmu G C C nem npocmolx 3aMKHYMBLE KYCOUHO-2AG0KUT KPUBHIT, OTEAMBIBAIOULUL

mouxy 0. Tozda 6 G
1) wmooicro evideaumnv pe2ysapHyl0 6emed

Uz g(z) = Y] e

2de evibpana purcuposarnas mouxa zg € G, pg € Arg zy. Takotce moorcro svidesumo

PEYAAPHYIO 6€MED NS
Lnz: h(z) = In|z| +i(po + Ar arg z),

2) 6ce ocmasvHbie peysapHble 6emeu Yz umerom caedyrowul 6uo:

2mki

g(z)=g(z)-en, tmek=0,....,n—1,

a ons
Lnz: hy(2) = hg(z) + 2nki, k€ Z.

[ [l mokasare/ibCcTBa UCHOJIb3yeTcd TeopeMa 00 o0paTHOo# (DyHKIINN.
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1) Panee (110 Teopembl 06 obpaTHOit (DyHKINN) GBLIO JOKA3aHO, YTO § — HElpepbIBHAs
BeTBb /2 B (G, h — HenpepbiBHasg BeTBb Ln z B G (1. K. o+ Ar arg z — HenpepbIBHAsI
BeTBb Arg 2z B YCJIOBUAX 9TOI TEOPEMBI.

SameTum, 9T0 g — obpaTHas PYHKIIUS K

w=2z", w(z)#0 Vz#£0,
a h — obparnas (pyHKIIUA K
w=¢e* w(z)=e#£0 V2.

CrietoBaTeIbHO, 110 Teopeme 00 00paTHON (DYHKINN JIOKAJTIBHO B OKPECTHOCTH KazK-
Joit Toukn z € G g u h SBISAIOTCA PEryaspHbIMU (B CHJIy TPOM3BOJIBHOCTH BHIOODA
z € Q).

2) (Ot uporusuoro) Ilycers g, § — JiBe pasHble HenpepbiBHbIE BeTBH /2. Torma T. K.
3t (PyHKIUKU oOpaTHbIE K W = 2™, TO

g"(z2)=z2 §'(2)=2 VzeG =

)

C) 1 vieq = weql@O ez

= Z) @e

@
—~

MOYKET 3aBUCETH OT Z.

T.x. g / §j HENPEPBIBHA Ha, CBA3HOM MHOZKECTBE (3, TO MHOKECTBO 3HaUeHuit {exp
CBSI3HO, TIO9TOMY 9TO TOJIBKO OJIHO YHUCJIO, T.€. k(2) = const, He 3aBUCSIIAsT OT 2.
[Tycts h, h— nBe HenpepbiBHBIE BeTBU Ln 2 B G. Torma T. K. oHE oOpaTHbIE K W = €7,
TO

2mik(z) }

=2 = —— =1, = Mk

CrieoBaTeIbHO,

h(z) — h(z) = 0+ 2mik(z), k(z)€Z

U MOYKET 3aBuceThb oT z. Ho T. K. h—h — HernpepbiBHa Ha CBA3HOM MHOXKECTBE, TOTJIA
{2mik(2)} — cBsa3HO n nosromy k(z) = k He 3aBUCHT OT 2.
|

9.3. BoiiesieHue perysisipHbIX BeTBeil MHOro3HadyHbix dyHkuuit {{/f(z)} n
Ln f(z)
fcHo, YTO HEOOXOIMMBI CJICTYIONINE YCIOBUS:

1) f(z) € CYG), rae G — obnactb B C, B KOTOPOii paccMaTpUBAIOTCsI peryJisipHbIe
BETBH.

2) f(2) £0 VzeQG.

Ounpepnesienne 9.3 (IIpuparenne aprymenTa mo Kycouno-riiajkoit kpusoit). Ilycrs I' —
KyCOYHO-TJIaJIKas KpuBas B obactu G.

feCH@), flz)#0 Vzed.
[Iycrs v : [0,1] = G — oxna u3 gomyctuMbix napamerpusanuii I'. Torma Beqmanna
Ararg f(z) = Apr)argw = Apqyarg f(7(1)),
rae w = f(z), .e. v:[0,1] = G, 7([0,1]) =T
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Ecan paccmorpers oTobpazkenue

w(t) = f(y(#) : [0,1] = f(G),

TO 9TO TAKKe TapaMeTpU3allis KyCOIHO-TIa Kol KpuBoii f(7).

Puc. 9.5.
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