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JIEKITNS 7

N3zoaupoBaHHbIE 0COOBIE TOYKHU PEryadpHOil pyHKIIIN
(mpomomkenue). Teopusi BbIY€TOB

7.1. I3o1upoBaHHBIE OCOObIE TOYKU PeryjasapHoil dyHKIUU

Ha npormioit jiekruu onmckiBajica psiji Jlopana B okpecTHocTn 0codoit Touku. Pac-
CMATPUBAJUCH 3 CIIydast:

1) ycrpanmmas ocobast TOUKA,

2) moutioc,

3) cyliecTBeHHO 0c0basi TOUKA.

Takum ke 06paszoM oxapakTepusyeM TOUKY 0.

Teopema 7.1 (Xapakrepusarusi U30JIMPOBAHHON 0c000i Touku 00 depes psj Jlopana).

Hycmb mouka 0o — usoauposarnas ocobas movwka pynkuyuu f. Toeda eepro caedyrowee:

1) co — ycrpanumasi ocobasi Todka f < pad Jlopana svieasdum caedyrouyum obpa-
30M;:

C1

0
f(2) =co+ + % 4= Z 2", Vz € Bs(oo) das nexkomopozo § > 0,

n=—oo

z

m. e. cywecmeyem Koneunvlti npedea.
2) oo — mogioc f < pad Jlopana:

0
f(z) = cnzN 4+ ozt Z 2", edecy #0 Vz € Bs(oo) das nexomopozo 6 > 0,

n=—oo

m. e. cyuecmeyem beckoneunvitli npedea.

3) o0 — cymecTBeHHO ocobasi Touka [ < pad Jlopana daa f 6 nexomopot Bs(oo)
cooepotcum GECKOHEUHO MH020 HEHYACEHLT CAARACMBLT NPU NONONCUMEALHDIT CIe-
NEHAT, M. €. eCAU HE CYULLCTNEYEM Npedeid.

(] Nnest mokasareabcTBa — JlejaeTcs 3aMeHa & = %, U UCIOJIb3YIOTCA aHAJOTHIHbIE
TeOpEMBI JIJI M30JIMPOBaHHO 0coboit Toukn a € C.

Ecrb dyuknus f = f(z), oo — uzosmposanHast ocobas Touka. PaccmaTpuBaem 3aMeHy
nepemennbix { = 1. Torga g(&) = f(1).

z
T. k. ¢ yaéToM 3TOif 3aMEHBI BEPHO CJIeIYIOIIee:

lim (&) = lim f(2).

Z—00

TO COXpaHseTcs THII 0cODOI TOUKM: & — M30JHMPOBaHHAS Ocodasl TOUKA JJIA ¢, KaK 00
qts f.
T.x. £ = 0 — usonmpoBannas ocobas TOYKA JJId ¢, TO

+oo
36> 0:g(8) = Y bu" VE € Bs(0).

n=—oo


http://lectoriy.mipt.ru

http://lectoriy.mipt.ru 2u3 11

Jleknus 7. UOT perynspuoit dynkiuu. Teopus BeraeToB

Ecim B 3TOM psijty mojicraBuTh £ = %, To noyaum psi Jlopana s f B oKpecTHOCTH

TOYKHN OQO:
—+00

f(z) = Z cp2", rae c_, =b,, n¢cZ.

n=—oo
CiieioBaTe/IbHO, PABHOCHILHBI CIeLyomuye 4 yTBep:K IeHU:
1) oo — ycrpanumast ocobasi Touka f,
2) 0 — ycrpanuMasi ocobasi TOUKa ¢,
3) B okpecTHOCTH TOUKHI &) = 0

9(&) = by + b€ + beg?,

4) B OKPECTHOCTH TOYKH 0O
co1 o C
f(z):co+—1+—22+...
2 z

Ananornaao MOXKHO J1oka3aTh myHKTH 2) 1 3). l

Caencrsue 7.1 (Kpurepuii mosroca). ITycmov 00 — usoauposannas ocobas mowka dym-
yuu f. Tozda oo — nomoc f & f(z) = 2V - g(2), 2de g(z) € C*(Bs(00)) das nexo-
mopozo 6 > 0, u

lim ¢g(z) = A € C\{0}.

Z—00

(0 U3 . 2 Teopemnr 7.1: co — nosoc f < psa Jlopana

0
f(2)=cyN 4+ .. 4z + Z cp2", oy # 0.

n=—oo

BrinocnM 3a 3HaK paga 2V

CN-1 CN—2 >
R

= (en +

O6o3HaYNM

CN-1  CN—
g(z)z(cN+ Nl Z;...)

Bamerum, uro g(z) € C'(Bs(o0)) anst mekoroporo 6 > 0, u

Z—00
T.e. f(z) = 2V - g(z), uro u Tpebopasocs jokazars. M

Onpepenenne 7.1 (Ilopsmok nosoca B Touke o0). B ycsmoBusx cuepcrust 7.1 qucio
N € N nazbiBaercd MOPSAAKOM MOJIOCA B TOYKE 00 g DYHKIIH f.

Eciau B 0KpecTHOCTH TOYKH 0O

+o00 0
f(z) = chzn + Z 2",
n=1 n=—o00
——

I II

TO JacTh | Ha3bIBaeTcd rJIaBHOM YacThio psja Jlopana, a yacte Il HaszwiBaerca mpa-
BUJIBHOI YacTbIo psja Jlopana.
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Teopema 7.2 (Coxonkoro). ITycmov a € C — cywecmeenno ocobas mouka dynxuyuy f.
Toz2da M1H021CECTNEO LACMUNHBIT NPEJes0s 6 IMOT moywKe bydem 3aHuMamsd 6CE NPOCMPa-
cmeo C maxoe, wmo

VAeC FHzntwen CC:2y ——a, f(zn) — A
n—oo n—oo
0 Jlokazkem it A = 00 ¢ moMoIbio HepaBeHcTBa Komm s KosddpunmeHTos ¢,
pana Jlopana u cBejiem K o0IemMy ciydaio.
[Tycts A = oo. 3ameruMm, 9TO T.K. a — CYIIECTBEHHO ocobasi Touka f, To |f| He
SABJIAETCH OIPAHUYEHHON B JTI0O0N OKPECTHOCTU TOYKHU OO.
[IpeimmoToKuM TPOTUBHOE: JOMTYCTUM, ITO

36>0,M >0:|f(z)] <M Vze Bsla),

T.e. f orpanmdena. [lo mepasencTam Komm st kosddunumentos ¢, (nekmnus 6) BepHO
cIeyoniee:

M
lenl < — Vp € (0,9), ecmma e C.
pn

Puc. 7.1.
Orcrona
M —n n<0
|Cn‘<p—n=M~p mo = ¢ =0 mpun<0.

Canemosarenbio (n3 Buga psijia Jlopana), a — ycrpanumas ocobast TOUKa .
Ecimma = oo n

M 1
n g_ \V/ € _7+ .
e € 25 ¥ € (5420
Puc. 7.2.
Torma
M n>0
len| < — ——0 = ¢,=0 upun>0.

pr r—rtoo

CrieoBaTeIbHO, 0O — YCTpPaAHUMAasi 0coDasi TOUKA.
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B oboux cirydasgx mpoTuBopevne ¢ TeM, 9TO ¢ — CyIIECTBEHHO ocobas TouKa. Takmm 00-
pazom GYHKIUS, JeHCTBUTE/ILHO, HEOI'PAHIYEHA B JII00OI ITPOKOJIOTON OKPECTHOCTU TOUKHU
a.

T.x. f HeorpanutveHa B JIOO0OH OKPECTHOCTH TOYKU @, TO

V¥n €N 3z, € Bi(a) (wm 2, € Bijn(00), Te. |z,] >n), |f(z2)] > n,

re. f(z,) = 0o =A.
O6mumit cay4ait: myctb A # 00.
Pacemorpum dyHKIMIO

Bamernm, 9To T. K. He CYIIECTBYeT HUKAKOro mpeena y dyukimun f(z) B Touke A, 0 1 y
dbyHKIIK ©(2) B 9TOI TOUKE HET Ipejieia.
ITo nmokazamnoMy BbImIe, ecau B posn f(z) B34Th ¢(2), To 171 o(2)

n—oo

Hznt,2n = a: p(z,) — o0.
|

Teopema 7.3 (Iluxapa). ITycmv a € C — cywecmsenno ocobas mowka dynryuu f.
Tozda
BeC: VAeC\{b} Hzn},zn—a:f(za)=A VYVneN.

O JToka3aTeabcTBO 9TOH TEOPEMBI JOBOJIBHO JUIMHHOE, MOITOMY B 9TOMY KypCe IpH-
Bo/uTh ero ue Oyyem. M
IIpumep 7.1 (Yucio b ming sxcnonentsl). f(z) = €, a = 0o — cylecTBeHHO ocobast
Touka (u3 psa Jlopana).

VuureiBast, 4To € — TOUKa Ha €JMHUYHOI OKPY?KHOCTH, 3aMETHM, YTO

| = |e%e¥| = e" - |e¥]| =€e" - 1>0 = e #£0 V2€C, = b=0.

7.2. Boruernl

Onpepnenenue 7.2 (Beraer). Ilycrs a € C — usonmposannas ocobas Touka dbyuknun f,
T.e. cymectiyer § > 0: f € C'(Bs(a)).

Torma
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Ha3bIBacTCAd BbII€TOM f B TOYKE a.
Fp(a):“’z_a‘ <p}7 vpe (075>

Boraer aBisiercs jokasibaOi nHMOpMalueit pyHKIUN.

7.2.1. ®opmyJibl AJs res f

Ecmn a € C — uzonmpoannast ocobast Touka f, TO

+oo
36>0: Vz¢e Bsa), f(z) = Z cn(z —a)",
rie
1 f(€)
n=— | —————d¢, 7.
¢ 2mi ) (£ —a)t! & one
'} (a)
Bosemem n = —1: .
C1= T /f(f)df =res [,
T a
I} (a)
IO3TOMY

res f =c_q.
a
Bamernm, 9T0 ecyim a — ycrpanuMasi ocobast Touka f, To psasn Jlopana mmeer BuI:
fz)=co+ec(z—a)+... Vz€Bsla) = c,=0 = resf=0.
a
Uror: eciin a € C — ycrpanumast ocobast Touka, To res f = 0.
a

YrBepxkaenune 7.1 (Popmyna s Bbuera B mostoce mopsiyika N). Ilyers a € C —
nostoc opsiaka N € N s f. Torma

res = s i (s U = 0)Y)).

0] [l mokazaTeTbcTBa BOCIOJIb3yeMcs pasiiozkenueM [ B psaj Jlopana.
T.x. a € C — nosmoc nopsizika N, To

C_n

“+00
Cja + ch(z —a)" Vze Bg(d) npu HekoTopoM & > 0.

n=0
Torma
(z—a)VNf(z)=cn+cenm(z—a)+...+cq(z—a)" 1 +... Vze Bs(a),
del

dZN—l

HpI/I BBIIIOJIHEHHBIX OIllepalluAX KOJIBIIO CXOINMOCTHU HE M3MEHUJIOCH. TOF,H&

(z=a)Vf(z)) =cai- (N=1)!+c-(z—a)N! +...

z—a

i (5 () = a)) = eor e (V= 1

Tak c_1 =res f. A
a


http://lectoriy.mipt.ru

http://lectoriy.mipt.ru 6wus 11

Jleknus 7. UOT perynspuoit dynkiuu. Teopus BeraeToB

Vreepxkaenne 7.2 (Borier B nosmoce mepporo mopsaka). Eem f(z) = 42 4 € C,
npuaeM g, h € C'(Bs(a)) ma mekoroporo § > 0, g(a) # 0, h(a) =0, h'(a) # 0. Torma

resf:M

W (a)
0 U3 yrBepxkaenus 7.1 mpu N = 1 3aMeTuM, 4TO U3 YCJIOBUSA G — TOJIIOC IIEPBOTO
nopsiyika. Torma

1 - (9(2) - ) (@)
ros f = g1 (/) (: = ) =t (215345 - ) = fn(a) = 0] = tm W) - b = @)

z—a
|

Ounpenesienne 7.3 (Boiuer f B Touke 00). Ilyerb 0o — msosmmpoBanHasi 0ocobasi TOUKa
bynkmuu f, To ecth f € C1(Bs(o0)) s wekoroporo § > 0.

Puc. 7.4.

Torma

1 1
vos f = / F©)de, e T, ={lz| = p}, Vpe (%, +o0),
0 271 )
ry
Ha3bIBaeTCd BbIMeTOM f B TOYKe OQ.
[TockoJIbKy OKPYKHOCTU BBIOMPAIOTCS B KOJIbIIE, IJie (DYHKIUs PErysspHa, TO UHTe-
rpaji oT p He 3aBUCUT 110 TeopeMe Korrmm.

7.2.2. ®opmyJibl A4 res f
T.k. 00 — m3osmpoBanHas ocobast Touka f, To Vz € Bs(oo) npu HeKOTOpOoM 0 > 0

BEpPHO
+o0

1
f(z) = Z cp2", THe ¢ = %/gfz d¢, neN.
n=-—oo F;r
I[Ipu n = —1
— o [ F@ de = —xes
C1 = ot = rotzs .
£y
Taxum obpasom res f = —c_1.

['pyboe ob6bsicHeHne, moYeMy BbIUeT OECKOHETHOCTH CUNTALTCS IO OTPUIIATEIHHOMY 00-
XO/1y KOHTYypa: IIpu 00X0/ie OKPYKHOCTH IEHTP OKPECTHOCTU — 3TO TOYKA OECKOHEIHOCTD,
OCTAIOIIALACA CJIeBa, KaK U B CJIy4ae ¢ KOHEYHOU TOYKOM.
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YrBepxkaeune 7.3 (Boraer B ycrpannmoii Touke oo). Ilycth 0o — yerpanumast ocobast
Touka f, Tor/Ia

roc;sf = lim (2(f(c0) — f(2)), r1me f(oo) = lim f(z) € C.

Z—00 Z—00

0] /st mokazaTebcTBa BOCIOJIb3yeMcs pasjioxkenueMm f B psj JlopaHa.
00 — ycTpannMasi ocobast Touka f. Torma

f(z)=co+ C_;l + CZ—; +... Vz €& Bs(oo) npu mHekotopom § > 0.
Torma
C_1 C_2
—cq=—+—4—+4+... Vz€B .
f(z) —co . + > + z 5(00)

KOJII:)HO CXOJMMOCTH HE USMCHMNJIOCD.

z(f(z)—co):c_l—l—%—ki;j—f—...
[Tpu
li_>m (2(f(2)) —co)) =co1=—resf, TaC ¢ = h_}m f(2),

CJIeJOBATEJIbHO, YTBEP2KAEHUE JTOKA3aHO. [ |

Teopema 7.4 (Kommwm o Beruerax). [ycmo G — obaacmsv 6 C ¢ kycouno-zaadkoti epanuyet
(ne obasamenvrno ozparuvennas). llycms pacemampueatomes mouky ay, . . . ax € G. Ecau
+o0o € G, mo cuumaem, umo ap = 0o. Ilycmo dyrryus

feC (G\ai,....ar}), feC@\lar,...,a).

Puc. 7.5.

Tozda i
/ f(2)dz = 2mi <Z res f) :
8G)+ j=1 "

(] Jlia roka3aTe/ibCTBa UCIOJIb3YETCs OlPe/IeIeHIe BLIUeTOB U 0ObIuHas Teopema Ko-
IITH.
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T.x. G — 0bacTh ¢ KyCOTHO-T/IQIKOM rpanutieir, To OG COCTOUT N3 KOHETHOTO UHCJIa
KYCOYHO-TJIAJIKUX KPUBBIX, T.e. win (G — orpanndenHas o0/1acThb, uin ecau (G — Heorpa-
HUYEHHas 00JIaCTh, TO, YIUThIBas, 9TO TpaHula G — KOMIIAKT,

dR > 0: 0G C Bg(0),{as,...,ax} C Bgr(0).

Pacemorpum 1 caywaii (G — orpanndeno)
T.x. G — OTKpPBITO, TO

3ry,...r>0: By (a) N By (a) =@ mpui # j,1;; € {1,...k},

k
BT]. (aj)j:17._,7k C G, é = G\ ( BT]. (aj)) .

Ilo yenosuio f € CHQ), f € C(G). o reopeme Komm st f u G BepHo:

:/f(z /f dz+z /f
(0G)*+

(9G)+ =1 0B, (a;))

= / f(z dz-Z /f (27Ti-resf)k.
a;
8G)+ 1= @B, (a))*
Teopema jloKa3aHa Jijisi TPAHUIHON 00IACTH.

Pacemorpuwm II ciryqait
Ecin G — nmeorpanmdentas 061acThb, TO (Kak OBITIO 3aMEYEHO BBIIIE)

3R > 0: Byr(c0) C G.

Puc. 7.6.

PaCCMOTpI/IM BCIIOMOI'aT€JIbHYIO 06/1aCTh

G = (Br(0O)NG)\{ar,...,ar_1}, T.K. a= 0.

T.x. G — orpanmdennast 00/1aCTh, TO IO JIOKA3aHHOMY BBIIIE JIJI OrpaHuIeHHONH G

/f dz—/f dz+/f z—zmzresf
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Puc. 7.7.

T K.

f(=)dz =2mi | D res f f(z
[ (3 ) [ 16

(0G)*+ 9BRr(0)~
U T. K. OIIpeJIeJICHUE BbIYeTa B 400

res f o / 1z

OBRr(0
TO TeopeMa B ob1ieM ciydae jgokaszana. l
CaencrBue 7.2 (Teopema Komu o nosmoit cymme BoraetoB). I[lyems dyrkyus
feCHC\{ay,...ar}), 2deay,...,a; € C.

Toz0a
k

E res f + res f=0.
- aj
7j=1
O [l mokasareIbCTBa UCHOJIB3yeTcs TeopeMa Kol o BerdeTax.

Xay
R

Xa.

Puc. 7.8.

T.k. ToUeK ay,...,a; — KOHEIHOE UHUCJIO, TO
JR>0: {al, ce ,ak} C BR(O)
Torna mias obmactu G = Br(0)\{ai,...,ax} u qas f(z) mo Teopeme 7.4

k
—omi rocgsf = /f(z) dz = 2mi (Z res f) :

dBRr(0)* i=1
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7.3. HpI/IMepr IIpuMeHeHNsd BbIYeTOB /[Jid HaXO02KJAEeHHNsdA MHTEerpaJjioB

I:f dz
2241

|z—i|=1\2

IIpumep 7.2.

Puc. 7.9.

U3 Beex ocobble ToUKN (4i) BHYTph 061aCTH HOMAaeT TOJIBKO oaHa. [1o Teopeme 7.4

1
I =2mi-resf, rume f= :
es [, rae f o
31ech 1 — IOJIIOC IIEPBOTO HOPSIIKA, [IO9TOMY
1 21
I =27 ———— :i,lzﬁ.
(2+1)| 2
zZ=1
IIpumep 7.3.
d
[= f &
28 +1
|2|=2
Puc. 7.10.
I criocob
Bce koHednble 0cobble TOYKH — perienud ypasHenns z° = —1. Ilo caegcrsmo 7.1

8

Zresf+resf:0 = [ =—2mi-resf.
=1 a; 0 0o
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1 1
St

RS NS SN IR N SRR
1+28 28 1+4 28 280 216 )

1 _ _ _
T.x. - mer B paay, To c_; = 0, a 3HAIAT roeosf =—c_1=0.

II criocob (uepes yrBepxienue 7.3)

Z—00

. . 1 . 1
rO%sf:hmz'(f(oo)—f(z)):‘f(oo):O:11m +1’zhmz(0 ):O.
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